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013.02.0Abstract Parameter optimization of the controllable local degree of freedom is studied for reduc-
ing vibration of the ﬂexible manipulator at the lowest possible cost. The controllable local degrees
of freedom are suggested and introduced to the topological structure of the ﬂexible manipulator,
and used as an effective way to alleviate vibration through dynamic coupling. Parameters intro-
duced by the controllable local degrees of freedom are analyzed and their inﬂuences on vibration
reduction are investigated. A strategy to optimize these parameters is put forward and the
corresponding optimization method is suggested based on Particle Swarm Optimization (PSO).
Simulations are conducted and results of case studies conﬁrm that the proposed optimization
method is effective in reducing vibration of the ﬂexible manipulator at the lowest possible cost.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
Since more and more robotic manipulators, especially used in
space applications, possess such features as light weight, heavy
load and large work space, dynamic effects resulted from their
structural ﬂexibility cannot be neglected. Therefore, how to
effectively overcome these adverse inﬂuences on working per-
formance is an important problem. In the past decades, thereMechanical Engineering and
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28have been many papers published, ranging from modeling,
kinematic and dynamic analysis, to control algorithms.1–4
In recent years, special attention has been paid to reducing
vibration of the ﬂexible manipulator via its structural charac-
teristics. Nguyen noticed the redundant degree of freedom, a
typical structural characteristic of the rigid redundant manip-
ulator, and ﬁrst examined the possibility of suppressing vibra-
tion by means of the self-motion capability.5 In addition, other
researchers studied motion control of the ﬂexible redundant
manipulators by optimizing their self-motions and initial joint
conﬁgurations.6–10 However, since each joint has deﬁnite kine-
matic relation to the end-effector, self-motions cannot be cho-
sen arbitrarily but under certain constraints. In view of this, we
proposed a new concept of the ‘‘controllable local degree of
freedom’’ and introduced it to the topological structure of
the ﬂexible manipulator.11 This manipulator consists of one
ﬂexible main chain and one or more rigid branch links.
Although the branch links have no direct kinematic relation
to the main chain, independent motions introduced by theSAA & BUAA. Open access under CC BY-NC-ND license.
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namic performance of the main chain. Using this advantage,
the adverse inﬂuences on working performance are expected
to decrease.
When the controllable local degrees of freedom are incor-
porated into the topological structure of the ﬂexible manipula-
tor, several new parameters are also introduced accordingly,
including the motion of the branch link, the mass of the branch
link, the centroid position of the branch link, and the joint
position of the branch link. In our previous study, only the
motion of the branch link is examined11, while dynamic inﬂu-
ences of other parameters are not concerned. In fact, these
parameters also play important roles in improving dynamic
performance of the ﬂexible manipulator. Therefore, it is neces-
sary to seek their optimal values to effectively reduce vibration
at the lowest possible cost.
In this paper, parameter optimization of the controllable lo-
cal degree of freedom is studied for reducing vibration of the
ﬂexible manipulator. Parameters introduced by the controlla-
ble local degrees of freedom are analyzed and their inﬂuences
on working performance are investigated. A strategy to opti-
mize these parameters is put forward and the corresponding
optimization method is proposed based on Particle Swarm
Optimization (PSO). Simulations are conducted and results
are shown to prove the presented method.
2. Controllable local degree of freedom
Inspired by the animals’ physiological feature used to adjust
their dynamic performances, like the tail, we suggested and
introduced a new concept of the controllable local degree of
freedom to the topological structure of the ﬂexible manipula-
tor11 (see Fig. 1).
The manipulator consists of one ﬂexible main chain and
one or more rigid branch links. The branch links, connected
to the main chain through joints, can move actively. Different
from common local degrees of freedom, motions of these local
degrees of freedom introduced by the joints of the branch links
are provided by actuators. That is to say, their motions are
controllable and thus they are called the controllable local de-
grees of freedom. Although the branch links have no direct
kinematic relation to the end-effector, they can greatly affect
dynamic performance of the main chain. Therefore, the branch
link motions are expected to attenuate vibration via dynamic
coupling.Fig. 1 Schematic of ﬂexible manipulator with controllable local
degrees of freedom.2.1. Kinematic analysis
Since the nominal trajectory of a manipulator is commonly
planned according to its joint motions, the desired position/pos-
ture of the end-effectorx is the functionof the joint angles qM, i.e.
x ¼ fðqMÞ ð1Þ
where x 2 Rm is the nominal position/posture of the end-effec-
tor with respect to the base frame; m the number of degrees of
freedom of the end-effector in the work space; qM ¼ RnM the
vector describing joint angles of the main chain, and nM the
number of joints in the main chain.
Differentiating Eq. (1) with respect to time yields
_x ¼ JM _qM ð2Þ
where JM 2 RmnM is the nominal Jocobian matrix of the main
chain.
For the ﬂexible manipulator without redundant degrees of
freedom in its main chain, nM ¼ m. Therefore, JM is a square
matrix and
_qM ¼ JM _x ð3Þ
where JM is the inverse matrix of JM.
Differentiating Eq. (3) with respect to time yields
€qM ¼ _JM _xþ JM€x ð4Þ
Because the branch link motions have no direct relation to
the nominal end-effector motion, we have
_qB ¼ eB ð5Þ
where qB 2 RnB is the vector describing the joint angles of the
branch links; eB 2 RnB is the arbitrary vector, and nB the num-
ber of joints in the branch links.
From Eqs.(3)–(5), it is shown that joint motion of the main
chain has relation to the nominal end-effector motion and is
determined by the operation task. However, the branch link
motions have no direct relation to the nominal end-effector
motion, and thus can be chosen arbitrarily.
2.2. Dynamic analysis
Based on Kane’s method and the assumed-modes method,
dynamics equations of the ﬂexible manipulator with controlla-
ble local degrees of freedom are derived and can be written as12
Ms€wþ Cs _wþ Ksw ¼ Q ð6Þ
whereMs 2 Rnn the system mass matrix; Cs 2 Rnn the system
damping matrix; Ks 2 Rnn the system stiffness matrix; Q 2 Rn
the sum of coriolis, gravitational, centripetal, and control tor-
ques; w 2 Rn is the set of rigid and ﬂexural degrees of freedom,
w ¼ ½ qT uT T; q ¼ ½ qTM qTB T; u 2 RnF is the set of ﬂexural
displacement of links; n is the total number of degrees of free-
dom, n ¼ nR þ nF; nR ¼ nM þ nB; nF is the number of ﬂexural
degrees of freedom in the main chain.
Eq. (6) can be separated into two equations describing the
dynamics of q and u
D€qþU€u ¼ sþ sR ð7Þ
G€qþM€uþ C _uþ Ku ¼ f ð8Þ
where D 2 RnRnR , U 2 RnRnF , G 2 RnFnR , M 2 RnFnF are
block matrices that form Ms; s 2 RnR is the set of control tor-
Fig. 2 Schematic of ﬂexible manipulator with one controllable
local degree of freedom.
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the nonlinear torque; C 2 RnFnF ; K 2 RnFnF ; f 2 RnF is the
ﬂexural component of the nonlinear torque.
For the convenience of our study, Eqs. (7), (8) can be ex-
pressed as
D€qþ e ¼ s ð9Þ
M€uþ C _uþ Ku ¼ f G€q ð10Þ
where e ¼ U€u sR
Substituting Eq. (4) into Eq. (10) yields
M€uþ C _uþ Ku ¼ u ð11Þ
u ¼ f G€q ¼ f GM GB½ 
€qM
€qB
 
¼ f GM€qM  GB€qB
¼ f GMð _JM _xþ JM€xÞ  GB€qB
ð12Þ
where GM 2 RnFnM represents the ﬁrst nM columns of G, and
GB 2 RnFnB the last nB columns of G.
Eq. (11) describes ﬂexural vibration of the ﬂexible manipu-
lator with controllable local degrees of freedom.
Substituting (4) into (9) yields
s ¼D€qþ e ¼ ½DM DB 
€qM
€qB
 
þ e
¼DMð _JM _xþ JM€xÞ þDB€qB þ e
ð13Þ
where DM 2 RnRnM represents the ﬁrst nM columns of D, and
DB 2 RnRnB the last nB columns of D.
Eq. (13) provides joint-torques of the ﬂexible manipulator
with controllable local degrees of freedom.
If joint motions of the ﬂexible manipulator are given, then
its vibration responses can be obtained from Eq. (11). And the
corresponding joint-torques can be obtained by substituting
these responses into Eq. (13).
From Eq. (11), we recognize that all matrices are functions
of joint motions, so the change of joint motions will result in
the change of the mass matrix, damping matrix, stiffness
matrix and generalized force, thereby altering the vibration
responses of a ﬂexible manipulator. For the ﬂexible manipula-
tor with controllable local degrees of freedom, its joint motions
include joint motions of both the main chain and the branch
links. As a result, no matter how joint motions of the branch
links are chosen, the nominal end-effector motion cannot be
affected. Therefore, arbitrary branch link motions can be
properly chosen to reduce vibration while the desired nominal
end-effector motion is tracked.
3. Analysis on parameters of controllable local degree of freedom
In our opinion, it is unnecessary for a ﬂexible manipulator to
possess excessive number of the controllable local degrees of
freedom. If designed and used reasonably, vibration responses
of the ﬂexible manipulator are expected to be reduced effec-
tively by the least number of the controllable local degrees of
freedom. Therefore, a three-link ﬂexible manipulator with
one controllable local degree of freedom is used as an example
in the following analysis (Fig. 2).
When the controllable local degrees of freedom are
incorporated into the topological structure of the ﬂexiblemanipulator, several new parameters are also introduced
accordingly, including (1) motion parameter––motion of the
branch link (€qB); (2) structural parameters––mass of the branch
link (mB), centroid position of the branch link (rB) (i.e. the dis-
tance from the centroid to the joint of the branch link), joint
position of the branch link (r) (i.e. the distance from the joint
of the branch link to the joint of the hinged ﬂexible link). These
parameters play important roles in improving dynamic perfor-
mance of the ﬂexible manipulator.
3.1. Motion parameters
In our previous study, the motion of the branch link is studied
when structural parameters of the controllable local degree of
freedom remain unchanged.9 To reduce vibration, the exciting
force u in Eq. (11) is expected to minimize in the least squares
sense by planning joint motion €qB of the branch link, i.e.,
Minimizekf GMð _JM _xþ JM€xÞ  GB€qBk2 ð14Þ
which can be solved as follows:
€qB ¼ GþB ½f GMð _JM _xþ JM€xÞ ð15Þ
where GþB 2 RnBnF is the generalized inverse matrix of GB.
However, the above attempt to completely eliminate the
exciting force is prone to result in excessively large €qB. There-
fore, it is suggested to choose €qB to partly decrease the exciting
force, i.e.,
€qB ¼ GþBb½f GMð _JM _xþ JM€xÞ ð16Þ
where b is a percentage.
If the branch link moves according to Eq. (16), vibration re-
sponses of the ﬂexible manipulator can be damped out while
the desired end-effector motion is tracked.
3.2. Structural parameters
From Eq. (16), it is found that the motion €qB of the branch link
used to decrease vibration deformations has direct relation to
the structural parameters of the controllable local degree of
freedom. In order to quantitatively analyze important inﬂu-
ences of these structural parameters, a ﬂexible manipulator
with one controllable local degree of freedom is used in the fol-
lowing numerical simulations (Fig. 2).
Fig. 4 Largest angular acceleration for each mB.
Fig. 5 Largest end-effector deformations for each rB.
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two links are rigid and the third link is ﬂexible. The parameters
of the links are given as follows: each of the ﬁrst two links is
made of steel, whose length is 1.0 m and the side length of
square cross-section is 0.05 m. The third link is made of alumi-
num with elastic modulus 71 Gpa and mass density 2710 kg/
m3, whose length is 1.0 m, and height h and width b of rectan-
gle cross-section are 0.01 m and 0.05 m. Only the vibration
deformation about y3 axis is considered in numerical simula-
tions. Because single controllable local degree of freedom is
considered, €qB1 stands for the motion of the branch link. The
desired joint motion of the main chain is
q1 ¼ p½1 cosðpt=3Þ=12
q2 ¼ 0:7 sinð2ptÞ
q3 ¼ sinðpt=5Þ
8><
>: ð0 6 t 6 10 sÞ
Supposing other structural parameters remain unchanged,
if let the mass mB of the branch link change from 0.3 kg to
1.0 kg, the corresponding vibration deformations of the end-
effector are calculated for each mB according to Eq. (16). In
the case of vibration control, the largest end-effector deforma-
tions for each mB are shown in Fig. 3, and the corresponding
largest angular acceleration €qB1 of the branch link used to re-
duce vibration for each mB is shown in Fig. 4. It is seen from
Fig. 3 that different mB may result in different consequences of
vibration reduction, i.e. the largest end-effector deformation
increases with mB. Therefore, mB should be decreased in order
to obtain better consequences of vibration reduction. How-
ever, it is revealed in Fig. 4 that decreasing mB can cause
abrupt increase of the branch link motion €qB1, which is very
difﬁcult to implement in practice. Obviously, appropriate mB
should be sought for balancing vibration reduction and realiz-
ability of branch link motion.
Similarly, supposing other structural parameters remain
unchanged, if let the centroid position rB of the branch link
change from 0.3 m to 1.0 m, the corresponding vibration
deformations of the end-effector are calculated for each rB
according to Eq. (16). In the case of vibration control, the larg-
est end-effector deformations for each rB are shown in Fig. 5,
and the corresponding largest angular acceleration €qB1 of the
branch link used to reduce vibration for each rB is shown in
Fig. 6. It is shown in Fig. 5 that the largest end-effector defor-
mation slightly increases with rB. Therefore, rB should be de-
creased in order to obtain better consequences of vibration
reduction. However, it is found in Fig. 6 that decreasing rBFig. 3 Largest end-effector deformations for each mB.
Fig. 6 Largest angular acceleration for each rB.can cause abrupt increase of the branch link motion €qB1, which
is very difﬁcult to implement in practice. Obviously, appropri-
ate rB should be sought for balancing vibration reduction and
realizability of branch link motion.
Also, supposing other structural parameters remain un-
changed, if let the joint position r of the branch link change
from 0.3 m to 1.0 m, corresponding vibration deformations
of the end-effector are calculated for each r according to Eq.
(16). In the case of vibration control, the largest end-effector
deformations for each r are shown in Fig. 7, and the corre-
sponding largest angular acceleration €qB1 of the branch link
used to reduce vibration for each r is shown in Fig. 8.
Fig. 7 Largest end-effector deformations for each r.
Fig. 8 Largest angular acceleration for each r.
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consequences of vibration reduction and different branch link
motion.
From the above analyses, it can be concluded that not only
motion parameter but also structural parameters of the con-
trollable local degree of freedom can play important roles in
alleviating undesired vibration of the ﬂexible manipulator.
These parameters couple with each other and jointly affect
working performance of the ﬂexible manipulator. As a result,
it is necessary to seek optimal parameters to effectively reduce
vibration at the lowest possible cost.
4. Parameter optimization of controllable local degree of
freedom
4.1. Optimization objective and constraints
Among these parameters of the controllable local degree of
freedom, the motion of the branch link is one of the most
important factors involved in the optimization. To conve-
niently implement the motion of the branch link, excessive
acceleration should be avoided. Besides, the mass of the
branch link is another important factor. To decrease total
mass of the manipulator, light branch link is desired. In addi-
tion, the centroid position of the branch link is the third
important factor. To decrease dimensions of the manipulator,
short branch link is expected. As for the joint position of the
branch link, it is also an important factor and mainly deter-mined by the installation requirements. In general, the branch
link should be away from the end-effector to avoid interfering
with operation. Therefore, it is reasonable to assume the mo-
tion of the branch link, the mass of the branch link, the cen-
troid position of the branch link and the joint position of the
branch link as the optimization objective, i.e.,
f1 ¼ w1j€qB1j þ w2mB þ w3rB þ w4r ð17Þ
where w1, w2, w3 and w4 are the weight coefﬁcients.
On the other hand, the limitations of mB, rB and r should be
given in the optimal process. Also, the percentage of the largest
vibration deformation under vibration control with respect to
that without vibration control should be provided, which de-
notes our expectation for vibration reduction.
Base on the above analyses, the objective and constraints
are ﬁnally written as
min! d ¼ w1j€qB1j þ w2mB þ w3rB þ w4r
s:t: mB min 6 mB 6 mB max
rB min 6 rB 6 rB max
rmin 6 r 6 rmax
dmax 6 pdmax0
8>>>><
>>>>>:
ð18Þ
where mB_min and mB_max are the lower and upper permitted
mass of the branch link; rB_min and rB_max are the lower and
upper permitted centroid positions of the branch link; rmin
and rmax are the lower and upper permitted joint positions of
the branch link; dmax0 is the largest vibration deformation with-
out vibration control; p is a percentage; dmax is the largest
vibration deformation under vibration control.4.2. Optimization method based on Particle Swarm Optimization
Since Eq. (18) is a multi-variable optimization problem, an
effective optimization algorithm should be used. Particle
Swarm Optimization (PSO) is an evolutionary computation
technique, inspired by social behavior of a bird ﬂock.13 It is
a population-based optimization tool, initialized with a popu-
lation of random solutions and searching for optima by updat-
ing generations. Compared with Genetic algorithm, PSO has
no such evolutionary operations as crossover and mutation,
and is easy to implement because of few parameters to adjust.
Therefore, it can be used to solve many different optimization
problems. In this paper, PSO is used to optimize parameters of
the controllable local degree of freedom. Several important
parameter values are chosen as follows. Swarm size is 20. Par-
ticle dimension is 3, i.e., mB, rB and r. Cognitive acceleration
(C1) and Social acceleration (C2) are 2 respectively. The value
of inertial weight at the beginning is 0.95. The value of inertial
weight at the end of the PSO iterations is 0.4. Terminate con-
ditions are dmax 6 dmax0  50% and the maximum iteration
times is 1000.
According to the above optimization objective and con-
straints, the optimization procedure based on PSO is suggested
as follows.
Step 1: Take {mB, rB, r} as the optimization particle swarm.
According to working requirements of the manipulator,
value ranges of the particle swarm and permitted largest
Fig. 9 End-effector deformation of manipulator.
Fig. 10 Comparison of end-effector deformation.
Fig. 11 Angular acceleration of branch link.
492 Y. Bian, Z. Gaovibration deformations are determined respectively. The ﬁt-
ness function is deﬁned. And the largest iterative number
and smallest ﬁtness threshold are given respectively.
Step 2: Initialize the particle swarm {mB, rB, r}.
Step 3: For each particle, the branch link motion €qB is
planned using the proposed vibration reduction method,
as described in Eq. (16). Then the actual vibration deforma-
tions are calculated using €qB1.
Step 4: For each particle, it should be judged whether the
actual largest vibration deformations are less than the per-
mitted largest vibration deformations. If yes, go to Step5. If
not, abandon this particle.
Step 5: For each particle, calculate its ﬁtness values and
record its best position and best ﬁtness values.
Step 6: Search for the global best position and global best
ﬁtness values.
Step 7: Whether the largest iterative number is satisﬁed or
whether the global best ﬁtness values reach the smallest ﬁt-
ness threshold.
Step 8: If yes, output the global optimal particle swarm
{mB, rB, r}, the corresponding branch link motion €qB1 and
vibration deformations of the manipulator. If not, obtain
a new particle swarm by updating its velocities and posi-
tions, then go to Step3.
5. Simulations and analysis
To verify the above optimization method, a ﬂexible manipula-
tor with three links in its main chain is used in the following
numerical simulations, whose parameters and nominal joint
motions are the same as those listed in Section 3.2 (Fig. 2).
The optimization objective and constraints are
min ! d ¼ w1j€qB1j þ w2mB þ w3rB þ w4r
s:t:0:3 kg 6 mB 6 1:0 kg
0:3 m 6 rB 6 1:0 m
0:3 m 6 r 6 1:0 m
dmax 6 dmax0  50%
where w2 = 1, w3 = 1 and w4 = 1. Because j€qB1j is quite larger
than mB, rB or r, set w1 = 0.001 to decrease its contribution to
f1.
The suggested optimization method-based PSO is used and
{mB, rB, r} is taken as the optimization particle swarm. By con-
ducting the above optimization procedures, the corresponding
optimization results can be obtained, i.e. mB = 0.3537 kg,
rB = 0.4562 m, r= 0.6119 m. In this case, the end-effector
deformations are calculated and shown in Fig. 9, in which
the largest deformation is 0.0150 m. Compared with the case
without vibration control, in which the largest deformation
is 0.031 6 m, the largest vibration deformation is decreased
by about 50% (Fig. 10). Also, the corresponding angular accel-
eration proﬁle of the branch link is shown in Fig. 11, in which
the largest angular acceleration is 358 rad/s2.
To verify the above optimization results, several case stud-
ies are conducted for comparison. If assume mB = 0.3 kg,
rB = 0.4562 m and r= 0.6119 m, i.e. we only decrease mB
while optimal rB and r remain unchanged, the corresponding
angular acceleration of the branch link used to reduce
vibration is shown in Fig. 12, in which the largest angularacceleration is 427.8 rad/s2. Obviously, the largest angular
acceleration in this case is larger than that in the optimal case.
If set mB = 0.3537 kg, rB = 0.3 m and r= 0.6119 m, i.e.
we only decrease rB while optimal mB and r remain unchanged,
the corresponding angular acceleration of the branch link used
to reduce vibration is shown in Fig. 13, in which the largest
angular acceleration is 918 91 rad/s2. It is seen that the largest
angular acceleration in this case is very large, as compared
with that in the optimal case.
If set mB = 0.3537 kg, rB = 0.4562 m and r= 0.4 m, i.e.
we only decrease r while optimal mB and rB remain unchanged,
the corresponding angular acceleration of the branch link used
Fig. 14 Angular acceleration of branch link (decreasing r).
Fig. 15 Angular acceleration of branch link (decreasing mB, rB
and r).
Fig. 12 Angular acceleration of branch link (decreasing mB).
Fig. 13 Angular acceleration of branch link (decreasing rB).
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angular acceleration is 119460 rad/s2. Obviously, the largest
angular acceleration in this case is extremely large, as com-
pared with that in the optimal case.
If set mB = 0.3 kg, rB = 0.3 m and r= 0.4 m, i.e. we de-
crease mB, rB and r simultaneously, the corresponding angular
acceleration of the branch link used to reduce vibration is
shown in Fig. 15, in which the largest angular acceleration is
221640 rad/s2. Obviously, the largest angular acceleration in
this case is extremely larger than that in the optimal case.From the above case studies, it is demonstrated that the
optimization method proposed in this paper is effective in
reducing vibration of the ﬂexible manipulator at the lowest
possible cost.
6. Conclusions
(1) The controllable local degrees of freedom are introduced
and used as an effective way to alleviate vibration
through dynamic coupling.
(2) Parameters introduced by the controllable local degrees
of freedom are analyzed and their inﬂuences on vibra-
tion reduction are investigated.
(3) A strategy to optimize these parameters is put forward
and the corresponding optimization method is suggested
based on Particle Swarm Optimization.Acknowledgement
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